ABSTRACT. The singular boundary value problems of third-order differential equations
Introduction
Many authors are interested in the existence of positive solutions for thirdorder boundary value problem (see [2] - [12] and references therein). In most work mentioned, they study the existence of positive solutions for third-order boundary value problem by the method of upper and lower solutions, Schauder's fixed point theorem or the fixed point index in cone under some different conditions in which f is nonnegative. In this paper, we consider the following singular boundary value problems:
− u (t) = h(t)f (t, u(t))
, t∈ (0, 1), u(0) = u (0) = 0, u (1) = αu (η), (1.1) the existence results of nontrivial solutions, and the existence results of positive solutions for some cases, by means of the topological degree theory under some conditions on f (t, u) concerning the first eigenvalue corresponding to the relevant linear operator. For the concepts and properties about the cone theory and the topological degree we refer to [4] , [5] . Our paper is organized as follows. Some preliminaries and lemmas are given in Section 2. In Section 3, the main results are established. Requiring no condition that f (t, u) ≥ 0 when u ≥ 0, we prove that the singular boundary value problem (1.1) has at least one nontrivial solution. We also investigate the existence of positive solutions in the case that f is nonnegative.
Preliminaries and lemmas
In Banach space C [0, 1] in which the norm is defined by u = max 0≤t≤1 |u(t)|. 
has a unique solution
where 
If s ≤ min{η, t}, then
.
In this paper we suppose that
As is well known, the singular nonlinear boundary value problem (1.1) can be converted into the equivalent Hammerstein nonlinear integral equation
By the method similar to that in [15] , we have:
completely continuous operator and T :
Notice that T (P ) ⊂ P , it follows that r(T ) ≥ 0. It is obvious that if the operator A has a fixed point u, then u is the solution of (1.1).
Ä ÑÑ 3º Suppose that the condition (H 1 ) is satisfied, then for the operator T defined by (2.5), the spectral radius r(T ) = 0 and T has a positive eigenfunction corresponding to its first eigenvalue λ 1 = (r(T )) −1 .
We also need the following lemmas in [5] . 
Ä ÑÑ 4º Let P be a cone in a real
f (t, u) ≥ −b, for all u ∈ (−∞, +∞), (3.1) lim inf u→0 min t∈[0,1] f (t, u) |u| > λ 1 , (3.2) lim sup u→+∞ max t∈[0,1] f (t, u) u < λ 1 ,(3.
G(t, s)h(s)|u(s)| ds
and thus A(B r 1 ) ⊂ P . For any u ∈ ∂B r 1 ∩ P , it follows from (3.4) that
We may suppose that A has no fixed point on ∂B r 1 (otherwise, the proof completes). Let u * be the positive eigenfunction of T corresponding to λ 1 , thus u * = λ 1 T u * . Now we show that
If, otherwise, there exist u 1 ∈ ∂B r 1 ∩P and τ 0 ≥ 0 such that u 1 −Au 1 = τ 0 u * , then τ 0 > 0 and
It is easy to see that τ * ≥ τ 0 > 0 and u 1 ≥ τ * u * . We have from T (P ) ⊂ P that
Therefore by (3.5),
which contradicts the definition of τ * . Hence (3.6) is true. Since A(B r 1 ) ⊂ P , we have from the permanence property of fixed point index and Lemma 4 that
where deg denotes the topological degree.
G(t, s)h(s)
ds, obviously, u ∈ P . It easy to see from
It follows from (3.3) that there exist r 2 > r 1 + u and 0 < σ < 1 such that
It is clear that M < +∞. Let
In the following, we prove that W is bounded. For any u ∈ W , set v(t) = min{u(t) − u(t), r 2 } and denote
THE EXISTENCE OF SOLUTIONS FOR SINGULAR BOUNDARY VALUE PROBLEM

When u(t) − u(t) < 0, v(t) = u(t) − u(t) ≥ u(t)
− r 2 ≥ −r 2 , and so v ≤ r 2 . Thus for u ∈ W , we have from (3.9)
where M is defined as (3.10). Thus
Since λ 1 is the first eigenvalue of T and 0 < σ < 1, the first eigenvalue of T 1 , (r(T 1 )) −1 > 1. Therefore, the inverse operator (I − T 1 ) −1 exists and
Select r 3 > max r 2 , sup W + u and thus A has no fixed point on ∂B r 3 . In fact, if there exists u 1 ∈ ∂B r 3 such that Au 1 = u 1 , then u 1 ∈ W and u 1 = r 3 > sup W , which is a contradiction. Then we have from Lemma 5 and the permanence property that
(3.13) (3.14)
Set the completely continuous homotopy H(λ, u)
By (3.8) and (3.14) we have that
which implies that A has at least one fixed point on B r 3 \B r 1 . This means that the singular nonlinear boundary value problem (1.1) has at least one nontrivial solution.
Remark 2º
The condition (3.1) implies that f is not necessary to be nonnegative. 
ÓÖÓÐÐ ÖÝ
f (t, u) ≥ − b * M for all u ≥ −b * ,(3.
G(t, s)h(s)f (s, u(s)) ds.
Thus u is the nontrivial solution of singular boundary value problem (1.1).
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Then h is singular at t = 0, 1 and f is unbounded from below and sign-changing for u ≥ 0. It is easy to prove that all the conditions in Theorem 1 are satisfied. As a result, BVP (1.1) with h(t) and f (t, u) given by (4.1) has at least one nontrivial solution.
